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Abstract 

Reformulation of the generalized electromagnetic fields of dyons has 
been dicussed in inhomogenous media and corresponding quaternionic 
equations are derived in compact, simple and unique manner. We have 
also discussed the monochromatic fields of generalized electromagnetic 
fields of dyons in slowly changing media in a consistent manner. 

In the series of papers we have discussed the Maxwell's-Dirac equation in the 
homogenous (isotropic) medium and its solutions [Tj, quaternionic form of the 
generlaized fields of dyons in homogenous (isotropic) medium and other quan- 
tum equations [2] , time-harmonic form of generalized fields of dyons in homoge- 
nous (isotropic) medium [3] and in the presence of source the time-dependent 
Maxwell's -Dirac equation have been developed in chiral media and the so- 
lution for the problem are obtained in unique and consistent manner |4]. In 
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this paper we have reformulated the generalized electromagnetic fields of dyons 
in inhomogenous media and corresponding quaternionic equations are derived 
in compact, simple and unique manner. Finally we have also discussed the 
monochromatic fields of generalized electromagnetic fields of dyons in slowly 
changing media in a consistent manner. 

Postulating the existence of magnetic monopoles[5], let us write the Gener- 
alized Dirac Maxwell (GDM) field equations in isotropic (homogenous) medium 
in the following manner [1] in terms of natural units c = % = 1 ; 



^3 



Pe 



dt e 



^xi? = (1) 

Where p e and p m are respectively the electric and magnetic charge densities, ~jl 
and are the electric and magnetic current densities, i5 is electric displacement 
vector, ~~E is the electric field, ~§ is magnetic induction vector and it is magnetic 
field, e and fi are respectively the permiability and permitivity of the media. 
Assuming that e and /i are the function of coordinates [6J such as 



e = e{x) 

and 

M = P-(x)- (2) 
The Maxwell's equations are thus considered together with the relation given 
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by ([2]) may then be written accordingly in inhomogeneous media describing 
relations among the induction and the field vectors. Let us now define D and 

B as, 



~ES = B* (3) 

and 

if = (UoMri?- (4) 

Using the relation we may write the generalized Dirac-Maxwell (GDM) 
equations §B) for the isotropic inhomogenous medium for dyons as 



V.(B ) 



dt e 



The first and second differential equations of GDM equations |(5]) can be written 
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as follows [7] , 



divfi + < Efjfe, El >= El ( 6 ) 

and 



divEl +< MlfE 7 £> =w > m . (7) 

Combining equations and |(7|) with the third and fourth equation of ((5j) , we 
obtain the following form of generalized Dirac-Maxwell (GDM) equations i.e. 



divE 



=< 



grade 



E 



> 



' dt 



e 



(8) 



and 



I* tr at 

Let us take the scalar products of two vectors J? and if as, 



<p > ,g > > = --{P M + MP)~t. (10) 

Using this equation lfT0|) , we get the following pair of equations from equations 
(0 and © as 

2 e ' 2 at e £ v y 

and 



,„ 1 qradri^—t , 9™^-+ 1 d~E — > 

# =-|M— 5- _ Mie _ M/0m . 12 

2/i z it at 



where we have used the following subsidiary condition 
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1 grade _ grad^e 

Then using the condition given by Kravehenko [7], we may write equations l|lip 
and (fT2l) as follows, 



~f= D (Vfi-^) + = ^2~^ ~ Me - PPm (15) 

where 



grad\fi 



and 

gradJTi 

Rearranging the equations lfl4|) and lfl5|) , we get the following new set of equa- 
tions i.e. 



(D + M e )~3 = (i 6 ) 



(D + M^)^ = yL--tf t -p Pm . (17) 

In order to write the quaternionic equation for electromagnetic fields in in- 
homogeneous medium, let us start with the following representations for the 
quaternionic differential operator [2], 
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and its conjugate as 



□ = C-dt + D) 

v 



(18) 



□ = (--d t -D) (19) 

v 

where v = ^= is the speed of the electromagnetic wave in the medium. We de- 
fine the complex vector field ifi associated with the generalized electromagnetic 
fields of dyons as [2], 



~$ = ~S-iv~§. (20) 

Accordingly, we can express the quantum equations associated with the gener- 
alized four-current, electric and magnetic fields of dyons in quaternionic form 
as. 



-ipv + jiei + j 2 e 2 + j3&3 (21) 



E = E iei + E 2 e 2 + E 3 e 3 (22) 



B = Bid + B 2 e 2 + B 3 e 3 (23) 



D = D l£l +D 2 e 2 + D 3 e 3 (24) 

where eo, e±, e 2 , e 3 are the quaternion units and satisfy the following commu- 
tation rules, 
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dej = -Sij + e ijk e k (25) 

where 5y is Kronecker delta and £y& is the Levi-Civita three index symbol. 

Operating equation lfl9|) to equation lj20|) and using equations {TBI and (|25j) , 
we get 

□V> = (M~^~fi + ivM~fi~El) + ivn(-ivp + j) (26) 
where j is the generalized current density of dyon and given by, 

3 = 3e-ivj m (27) 
and p is the conjugate of the generalized charge density of dyon and defined as, 



P = p,-i 9 —. (28) 
v 

From equation (J20J) , we get the following relations, 



t = i(^ + ^*) (29) 

and 



~n = i-(v>*-vo (30) 

where ip* is the complex conjugate of ip .Taking the first part of the right hand 
side of equation l(26|) , we get 



M^I + wM^ = ^(M^-^V + M^+T^V*)- (31) 
We may now introduce the notation 
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r + 1 t = -£E*L (32) 



and 



qradW , . 

= (33) 

where W is the intrinsic wave impedance of the medium. The if and W are 
also expressed as 



v 



and 



W: = Z!2*W. (35) 

Vw 



Thus equation (f3Tj) reduces to 



M^'fi + ivM~i* T$ = -{M^^ * +M™~$) (36) 

As such, from equation lf26|) . we obtain the generalized Dirac Maxwell (GDM) 
equation of dyons for an inhomogenous medium as under, 



Bip+ {M^^$*+M^^ ) =ivfi(-ivp + j) =iv(xj. (37) 

So, the equation lj37|) is completely analogous to the generalized Dirac Maxwell 
(GDM) equation of dyons given by equation §5§ and represents the quaternionoc 
form of Maxwell's equation for dyons in inhomogenous medium. 
Let us define a time harmonic electromagnetic field as [5], 



~H(x,t) = Re0{x)e- lu)t ) (38) 
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and 



~3(x,t) = Re0{x)e- lut ). (39) 

Here w is the frequency of oscillation. We may now assume that the sources are 
also considered as time-harmonic and accordingly we may write the charge and 
current source densities of dyons as 



p(x,t) = Re{p{x)e- lut ) (40) 

and 

f{x,t) = Re(f(x)e- iut ). (41) 

Hence for the case when electromagnetic field is considered to be monochro- 
matic, we may obtain the following sets of quaternionic equations for general- 
ized fields of dyons on substituting equations (|38|39|40|4ip into the equations 
lfT6]) and Jill) i.e. 

D-^ki = iujB = lavB (42) 

fc e e e e 

and 



D-rfS = fit! - fip m + pjl = ~E! - fip m + pf e . (43) 

In equation lj42|) and lf43j) the quantity a = ^ is described as the wave number. 
Hence for sourceless condition, the equation 11421) and (|43| are reduced to 



D-f& = iav~^ (44) 

and 
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(45) 



The medium is said to be slowly changing when its properties change appreciably 
over distances much greater than the wavelength [8j . Generally that is associated 
with the possibilty of reducing the generalized Dirac-Maxwell (GDM) equations 
of dyons f44|) and (|45"ll to the following forms of Helmholtz equations, 



(A 



ex.' 



(46) 



and 



(A + a 2 )~S = (47) 

where 



A+a 2 = -(D + a)(D - a) = -D a D_ a . (48) 

For checking the reduction , we consider that |~e*| and \~jt\ are very small and 
the terms containing the vectors ~t and ft are supposed to be negligible. Then 
equations (J44J) and (|45|) are reduced to the following simple and compact quater- 
nionic forms i.e. 



= iav~3 (49) 

and 

DB = (50) 

v 

These equations can be diagonalized. Hence we may obtain the following com- 
pact quaternionic equations for the functions ip an d ip* of dyons i.e. 
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D- a ip 



(51) 



and 



D a ifj* = 0. (52) 

These equations are completely equivalent to the Maxwell's system used 
for the case of particles carrying electric and magnetic charges (dyons) and 
thus represent the Generalized Dirac Maxwell (GDM) equations for inhomo- 
geneous media in quaternionic formulation. The foregoing analysis is simple, 
compact and unique one in the sense it is manifestly covariant under homoge- 
neous Lorentz transformations as well as it remains invariant under the usual 
quaternion transformations. It reduces to the quaternion equations for electro- 
magnetic fields in inhomogeneous medium described by Kravchenko [6j in the 
absence of magnetic monopole on dyons. Accordingly it can be discussed for 
the case of particles carrying pure magnetic monopole in the absence of electric 
charge on dyons. 
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